ZEROS OF CERTAIN BE88EL FUNCTIONS

More Zeros of Certain Bessel Functions of Fractional Order
The following table is a continuation of the one given by M. Abramowitz in MTAC, v. 1, 1945, p. 353-354 . The quantities j,, " where j,,, denotes the 5th zero of J,(x), are given below for v m ± \, ± |, ± f, ± }, and for s m [8(1)30; lOD] . These values are believed to be correct to well within a unit in the tenth decimal. Thus this table supplements the one given by Abramowitz up to s = 7 or 8. The roots j,,, were calculated from the wellknown asymptotic expansion (see MTAC p. 354), carrying 12D in the work.
An interesting check was performed upon these roots by obtaining the first difference as a function of 5 and then obtaining the divided differences of those first differences as functions of v. Apart from the first entry corresponding to s = 8 and which was checked independently, the divided differences (which were, in turn, also differenced as a function of s where they were largest, i.e. for s near 8), showed an error very much within 2000 units in the twelfth decimal place. Since the error in the roots was multiplied by a probable factor of 200 or more as a result of the process of taking the divided difference, the roots in the original manuscript are probably correct to about a unit in the 11th decimal place.
Most of the calculations on these roots were performed by Miss Ruth In Quellen u. Studien zur Geschichte der Mathematik . . ., A. Quellen, v. 3, 1935-37, Otto Neugebauer, the outstanding authority on ancient mathematics and astronomy, published a monumental pioneer work on Mathematical Cuneiform Texts, tablets in collections of Berlin, Brussels, Istanbul, Jena, Leyden, London, New Haven, Oxford, Paris, Philadelphia, Strassburg, and Toronto. Nearly 4000 years ago the Babylonians knew how to find the positive roots of quadratic equations; how to solve simultaneous linear and quadratic equations; and how to calculate compound interest; and they knew that the angle in a semi-circle is a right angle, and our familiar relation between the hypotenuse and sides of a right-angled triangle.
The present work in English is a detailed study of about 200 tablets in the United States' and nearly a dozen in Europe. New material of great interest is presented.
In all Babylonian mathematical and astronomical work, tables were fundamental, especially tables for multiplication, squares, square roots, cubes and cube roots, and tables of reciprocals. Since 60 was basic in the sexagesimal notation of the Babylonians, if n were a number written in this notation, ft = i/n could be expressed in a finite number of terms (e.g. 9 =■ 0; 6, 40), or in a never ending series of terms (e.g. 7 = 0; 8, 34, 17, 8, 34, 17 ..., with 8, 34 , 17 being repeated indefinitely). The necessary and sufficient condition for the first case is that n must be of the form n = 2"3fl5"1', where o, ß, y are integers or zero. Such numbers are called regular numbers. In a Louvre tablet dating from about 350 B.C. there are
